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1. INTRODUCTION
It is known that some simple algebraic groups can be represented as
groups of automorphisms of simple algebras. For example, the group PSLk
 .is isomorphic to Aut M , where M is the algebra of k = k-matrices; thek k
 .  .exceptional groups G and F can be represented as Aut O and Aut A ,2 4
respectively, where O is a split Cayley algebra and A is a split Albert
algebra, i.e., the algebra of Hermitian 3 = 3-matrices over O, with the
 .symmetric multiplication a( b s 1r2 ab q ba .
 .Let G s Aut A for some algebra A over a field F. Consider the
diagonal action of G on the direct sum nA of n copies of A, which can be
nm  .considered as an affine space F , m s dim A . It induces naturally an
 .  .action of Aut A on the field F nA of rational functions on nA, i.e., the
field of rational functions on A in n vector variables. One of the main
 .Gproblems concerning the structure of the invariant field F nA is whether
w xthis field is purely transcendental over F 1 . If F is an algebraically closed
field of characteristic zero and A is a central simple algebra, then the field
 .G  .F nA coincides with the quotient field K A of the centroid of then
 . w x algebra F A generated over F by n generic elements of A 4 a ‘‘freen
w x.affine algebra of type A,’’ in notations of 8 , so, the problem of rational-
 .G  .ity of F nA reduces to that of K A .n
 .  .It is known that the field K A is rational over F if A s M s M F ,n k k
w x w xk F 4 2, 3 , or A s O 8 ; so the fields of rational invariants of corre-
sponding representations of PSL , k F 4, and G are rational. The maink 2
 .result of this paper is that K A is also rational over F in the case of then
Albert algebra A for any field F of characteristic / 2, 3.
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In particular, if F is algebraically closed field of characteristic zero, the
 .G  .field of invariants F nA is rational over F for G s Aut A of type F .4
Moreover, the subspace A of zero trace elements from A is known to0
w xbe an irreducible G-module of minimal dimension 6, p. 382 , and we
obtain as a corollary of the above result that the field of rational invariants
of a minimal representation of a simple algebraic group of type F in4
several variables is rational over F.
 .   ..The field K A , K M F is generated by traces of a generic ele-1 1 3
 . w xment and, therefore, it is rational; the rationality of K A is proved in 9 .2
 .Moreover, there it is also proved that K A is purely transcendental overn
 .  .K A , so it suffices to prove the rationality of K A . We do it by giving an3 3
explicit list of free generators for this field.
2. PRELIMINARY RESULTS
Let us recall some properties of Cayley]Dickson and Albert algebras
 w x.see 6, 11 . The elements of a split Cayley]Dickson algebra O can be
written in the form
a ¨
, /¨* b
where a , b g F and ¨ , ¨* g F 3 s F = F = F. The multiplication is
defined by the rule
a ¨ a ¨1 1 2 2
?U U /  /¨ b ¨ b1 1 2 2
a a q ¨ , ¨U a ¨ q b ¨ y ¨U = ¨U .1 2 1 2 1 2 2 1 1 2s ,U U U /a ¨ q b ¨ q ¨ = ¨ ¨ , ¨ q b b .2 1 1 2 1 2 1 2 1 2
 . 3where ¨ , w , ¨ = w are the scalar and vector product in F , respectively.
The algebra O is equipped with the involution
a ¨ b y¨s . /  /¨* b y¨* a
 .Observe that the trace t x of a matrix x g O equals x q x g 1 ? F , F.
Let O s O F be the algebra of 3 = 3-matrices over O. It ism3 F 3
i iequipped with the involution a m b ª a m b , where b ª b is the
 .matrix transposition. The subspace H O of symmetric elements with the3
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 .multiplication a( b s 1r2 ab q ba is a central simple Jordan algebra A
 .of dimension 27, which is called a split Albert algebra.
  4 . Let e s e , e i, j g 1, 2, 3 , i / j be matrix units of O we identifyi i i i j 3
.1 m F with F . Then an arbitrary element of A can be written in the3 3
form
3
w xc s e a q c ,  jki i i
is1  .ijk
w x  .where a g F, c g O, c means c ? e q c ? e , and ijk runs over thei i jk jk k j
 .subgroup A of even permutations. Denote by tr c the trace of c, that is3
a q a q a .1 2 3
 .We frequently use the following multiplication rules i, j, k are distinct :
1 1w x w x w x w x w xa ( b s ab ; a ( b s t ab e q e . .  .i j jk i j i ji k i j2 2
 .It is easy to check that the trace tr R of the linear transformationc
 .R : x ª x(c of the vector space A equals to 9 ? tr c for any c g A.c
A permutation of the idempotents e , e , e induces an automorphism1 2 3
 .of A. The set of such automorphisms is a subgroup of G s Aut A , which
 .is isomorphic to S . Further, an automorphism f g Aut O defines an3
 .automorphism of O by a ? e ª f a ? e . Its restriction on A is an3 i j i j
 .  .automorphism of A. So, we can assume that Aut O is embedded in Aut A
under this map.
a ¨ b y¨ * .  .  .Let s : ª . It is easy to see that s g Aut O . We set¨ * b y¨ a
 4H s gr S , s . Since sf s fs for each f g S , this group is isomorphic3 3
< <to S = Z . In particular, H s 12.3 2
 .Recall that a free Albert algebra B s F A of rank n G 3 is generatedn n
 .over F by generic elements j s 1, . . . , n
27
n.X s a m x g A F Y , 1 .  . mj i i j F
is1
n.  4where a , . . . , a is a basis of A and Y s x N i s 1, . . . , 27; j s 1, . . . , n1 27 i j
is a set of variables.
w xThe algebra A is generated by three elements 11, p. 58, Ex. 12 . Hence,
w x  w x.by Proposition 2.1 in 8 see also Lemma 2 in 4 the center C of then
 n..algebra B lies in F Y . Besides, if K is the quotient field of C , thenn n n
B K is a central simple algebra over K of dimension 27. Note that then n n
algebra B K has unit and, therefore, K coincides with the quotient fieldn n n
of the centroid of B .n
Let b g B . Then, since it is an element of the Albert algebra A mn F
 n..  n..  .  n..  .F Y over F Y , the trace tr b g F Y . It turns out that tr b g Kn
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w x9, Section 1.2 . Moreover, in the same way one can check that for any
 n..  n..central simple algebra B : A F Y over a subfield K : F Y ofm F
 .dimension 27 the trace tr b of an element b g B lies in K.
We will show that X , X can be transformed to a special form. Let us1 2
take a set of variables
X s x , y , z ; y , z ; ¨ , ¨U N i , j, k s 1, 2, 3; i / j 4i i i i j i j i k ik
 . U  U U U .and put ¨ s ¨ , ¨ , ¨ , ¨ s ¨ , ¨ , ¨ . Consider the elements fromi i1 i2 i3 i i1 i2 i3
 .A s A F X ,m F
3
x s e x , i i
is1
3
w xy s e y q y ,  jki i i
is1  .ijk
3
w xz s e z q z ,  jki i i
is1  .ijk
z ¨y 0 jk ijk .  .  .Uwhere y s , z s are from O F X . These elementsm¨ z0 yi i Fi k jk j
 w x.turn to be free generators of B cf. 2 .3
 4LEMMA 1. The algebra alg x, y, z is isomorphic to B .F 3
 2..Proof. Let K s F Y , consider the subalgebra B ? K : A s A m2 K F
3  . 2  .  .  .K. Since X q t X X q t X X q t X s 0, where t X g K and1 1 1 1 2 1 1 3 1 i 1
 . w x wt X / 0 6, p. 232 , the unit of A lies in this subalgebra. Hence, by 6,3 1
x wp. 363, Ex. 2 B K is a central simple algebra of dimension 9. From 8,2
xLemma 1.3 it follows that B K is a central simple Jordan algebra over2 2
K of dimension 9 and K : K.2 2
 3..Let P be the algebraic closure of the field F Y . Then B : A s3 P
A P and K : P. The algebra B K P is a central simple onem mF 2 2 2 K 2w x  .q.over P 11, p. 137 ; therefore, it is isomorphic to B P , M P s2 3
 .q. w xM F P : A 6, p. 204 .m3 F P
w x  .  .  .q.By 6, p. 389, Ex.3 there is f g Aut A such that f B P s M PP 2 3
 .and f X has a diagonal form. Hence, there is an epimorphism from1
 4  .  .  .  .alg x, y, z to f B , which sends x ª f X , y ª f X , z ª f X .F 3 1 2 3
 .Besides, since f B , B is a free algebra of rank 3 in its variety, this3 3
map is invertible. This just proves the lemma.
 .Let us define an action of H on F X : for any d g S we set d ? t s t ,3 i d  i.
 4   4.where t is a letter from x, y, z , d ? t s t t g y, z , andi j d  i.d  j.
 . U  . U  d ? ¨ s sgn d ¨ , d ? ¨ s sgn d ¨ . Further, s ? t s t t g x, y,i j d  i. j i j d  i. j i i
ILTYAKOV AND SHESTAKOV842
4.   4. U Uz , s ? t s t t g y, z and, finally, s ? ¨ s y¨ , s ? ¨ s y¨ . Wei j ji i j i j i j i j
 .  .identify F X with 1 m F X , where 1 is the unit of A.
 .  .HLEMMA 2. The field K s K A lies in the fixed field F X .3 3
 .Proof. An element g g G defines an automorphism of A over F X ,
f g s g id : a m a ª a ? g m a . .  .m1 F
 .On the other hand, every g g Aut F X defines an automorphism of AF
over F,
f g s id g : a m a ª a m g ? a . .  .m2 F
 4  .  y1 .Note that for any t g x, y, z and g g H we have t ? f g s t ? f g .1 2
Therefore, it holds for any t g B .3
 . w x  .It is known that K is generated by the set tr B 9 . Let T s f g ,3 3 1
where g g G. For any b g B we have3
1 1 y1tr b ? T s tr R s tr T R T s tr b . .  .  . .b?T b9 9
 .  .Hence, if f g K , then f ? f g s f. Therefore, f s f ? f g for any3 1 2
 .Hg g H, and this means f g F X .
˜  .We set a s y y y and K s K x , x , x , a .12 23 31 3 3 1 2 3
˜LEMMA 3. The field K contains the following set M:3
 .  .1 x , y , z i s 1, 2, 3 ;i i i
 .2 y y , y y , y y ;12 21 23 32 31 13
 .3 a ;
 .  .4 z y i, j s 1, 2, 3, i / j ;i j ji
 .  U .  .5 ¨ , ¨ i s 1, 2, 3 ;i i
 .  U .  .6 ¨ , ¨ y i, j s 1, 2, 3, i / j ;i j i j
 .  .7 D s det ¨ , ¨ , ¨ .1 2 3
˜ ˜ ˜Proof. Let B s B K K , B ? K : A. It is a central simplem3 3 3 K 3 3 33˜ ˜ ˜ .algebra over K of dimension 27. Hence, for any b g B we get tr b g K .3 3 3
˜Let us check that M : K . At the same time we prove the following3
assertion.
˜LEMMA 4. The algebra B contains the elements:3
 .a e , e , e ;1 2 3
y 0i j . w x  4b , where i, j g 1, 2, 3 , i / j;i j0 0
0 00 ¨ i . w x w x  .Uc , , where ijk g A ;¨ 0jk jk 30 0 i
0 00 ¨ yj ji U . w x w x  .d , , ijk g S .¨ y 0jk jk 30 0 j i j
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˜First, since x g B and the roots x , x , x of its characteristic polyno-3 1 2 3
˜ ˜mial lie in K , we have e , e , e g B . Applying Peirce decomposition, we3 1 2 3 3
˜ ˜w x w x  .get y , z g K for any i and y , z g B for any ijk g A . There-i i 3 i jk i jk 3 3
2 ˜w x .fore, y y s tr y g K .jk k j i jk 3
˜Let a s a ? s s y y y s y y ? y y ? y y ra g K . Hence,13 32 21 12 21 23 32 31 13 3
1y 0i j w x w x w xs a y y 2 y y y ( y .  . /i j jkk i j ji i j k ia y a0 0 i j
y 0 y 0ji i j˜ ˜w x w x w xbelongs to B . Also, s y y g B . Further, z y s3 ji k i j i j 3 i j ji0 0 0 0
y 0ji ˜ ˜w x w x .  .  .tr z ( g K ; therefore, z ry s z y r y y g K andk i j ji 3 i j i j i j ji i j ji 30 0
z z0, ¨ y 0 0 0jk k ji jkw xs z y yU jki 0 y¨ 0 k jy y0 0i jk k jjk jkjk
U 1 20 ¨ i˜ ˜ . w x .Ulies in B . Hence, ¨ , ¨ s y tr g K . Next,¨ 03 i i jk 32 i
0 ¨0 0 y 0j i j ˜U s 2 ( g K ,U 3y¨ y 0 ¨ 0j i j 0 0jjk i jk i
 .  U .and in a similar way one can get all elements d . Now, ¨ , ¨ y y sj k ji i k
0 00 ¨ y ˜ ˜j jiw x w x .  .Uytr ( g K and since y y ry s ar y y g K , we¨ y 0jk jk 3 ji i k jk jk k j 30 0 k i k
 U .get ¨ , ¨ y to belong to this field. Taking an appropriate pair ofj k jk
˜ .  .elements from d we prove all elements 6 to lie in K .3
Finally, we have
yy y0 ¨ y y 0 0 ¨i k k ii i k k i i( s ,
20 0 0 0 0 0i j jkk i
0 00 ¨ 0 ¨ 0 ¨i j k˜w x w x w x w xSo, g B . Moreover, s y2 ( is an element of¨ = ¨ 0jk 3 jk k i i j0 0 0 0 0 0j k
B˜ , and3
0 0 0 ¨ i ˜D s ¨ = ¨ , ¨ s ytr ( g K . .j k i 3¨ = ¨ 0 /j k 0 0 jkjk
Lemma 3 and Lemma 4 are proved.
˜LEMMA 5. The field K is generated o¨er F by M.3
 .Proof. Let V be the subspace over F M spanned by the elements
 .  .  .a ] d of Lemma 4. We prove that it is an algebra over F M . It suffices
 .  .to show a( b g V for any a, b from a ] d .
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If a s e , this is evident. Define a representation f : H ª Aut A byi F
 .  .  .  .  .putting f g s f g ? f g for g g H. Since f g N s f g , the1 2 F  X . 2
 .field F M is invariant under this action of H. Actually, K is fixed under3
 4H by Lemma 2, and vect a , a , x , x , x is invariant under H.F 1 2 3
 .  .Moreover, H transposes the elements a ] d up to sign. Hence, V is
invariant under H and it suffices to show that a( b g V only for pairs a, b
 .from different H-orbits. Note that the first and the second elements in c
 .and d are conjugate under s , so we need only consider the cases where a
is one of the following elements:
0 ¨ y 0 0 ¨ y1 23 2 211 , 2 , 3 . .  .  .
0 0 0 0 0 023 23 23
 .In the first case we have a ? 23 s ya. Hence, we need to take b
 .from different 23 -orbits:
0 ¨ 0 ¨ 0 0 0 01 2b g , , , ,U U ¨ 0 ¨ 01 20 0 0 023 31 23 31
y 0 y 0 y 023 12 21, , 50 0 0 0 0 023 12 21
or
0 ¨ y 0 ¨ y 0 ¨ y2 21 2 23 1 13b g , , , 0 0 0 0 0 023 12 12
0 0 0 0 0 0
, , . 2U U U  .5¨ y 0 ¨ y 0 ¨ y 02 12 2 32 1 3123 12 12
 .  .In case 2 we have a ? 23 s s a; so, similarly,
y 0 y 0 y 0 y 023 32 12 21b g , , , 50 0 0 0 0 0 0 023 32 12 21
 .or b is as in 2 .
 .  .Finally, in case 3 b runs over the elements d .
For all these a, b one can show a( b g V in a straightforward way. We
consider only several typical cases. For example,
ay 0 y 0 y 023 12 13( s g V .
2 y y0 0 0 0 0 013 3123 12 13
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Next,
U¨ , ¨ y ? y y .0 ¨ 0 0 y 01 2 12 23 321 31( s g V .U¨ y 02 32 a0 0 0 023 12 31
Finally, consider
10 ¨ 0 ¨ 0 01 2( s y .¨ = ¨ 01 220 0 0 023 31 12
U U U  .Let ¨ = ¨ s a ¨ q a ¨ y q a ¨ y , where a g F X . Then the1 2 1 3 1 1 31 3 2 32 i
 .  .  .conditions ¨ = ¨ , ¨ s ¨ = ¨ , ¨ s 0, ¨ = ¨ , ¨ s D yield eas-1 2 1 1 2 2 1 2 3
 .  .  .ily that a g F M . Notice that B : V. Moreover, tr V : F M . Hence,i 3
 .tr B is contained in this subfield. Since x , x , x and a also lie there,3 1 2 3
˜  .we just get K s F M .3
 .HLEMMA 6. K s F M .3
 .H  .  .HProof. First, K : F X l F M s F M . Like in Lemma 3 we3
 .obtain aa g K x , x , x and3 1 2 3
w x w x w xa q a s tr y ( y ( y g K x , x , x ; . . .3 1 2 3 1 2 312 23 31
<  .  . <hence, K x , x , x , a : K x , x , x F 2 and1 2 3 1 2 3
˜< < < < < <K : K s K x , x , x , a : K x , x , x ? K x , x , x : K F 12. .  .  .3 3 3 1 2 3 3 1 2 3 3 1 2 3 3
<  .  .H <On the other hand, by Artin’s theorem F M : F M s 12 and
H H H< < < < < < < <F M : K s F M : F M F M : K s 12 ? F M : K . .  .  .  .  .3 3 3
 .HHence, K s F M .3
w x  . < <Note that by 9 tr ? deg F M s tr ? deg K s 29 s M . Hence, M isF F 3
a set of algebraically independent generators.
3. LIST OF GENERATORS
Now we are going to give an explicit list of algebraically independent
 .Hgenerators for the field K s F M . First, let us find generators of3
 .Z 2  4F M , where Z s 1, s . Let M9 be a set obtained from M by2
U U U . replacing the elements y y and ¨ , ¨ by a and D s ydet ¨ , ¨ ,12 21 1 1 1 2
U .  .  .¨ , respectively. We claim F M s F M 9 . In fact, y y s3 12 21
U .  .  . . aa r y y y y . Besides, DD s ydet ¨ , ¨ N i, j s 1, 2, 3 s a ¨ ,23 32 31 13 i j 1 1
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U .   U .4.¨ q a , where a , a g F M _ ¨ , ¨ and a / 0. It proves the1 2 1 2 1 1 1
claimed statement.
We break down M9 into two subsets:
MU s x , y , z ; y y , y y ; ¨ , ¨U , ¨ , ¨U ; 4 .  .0 i i i 23 32 31 13 2 2 3 3
X UM s a , a , b s z y , b s b ? s ; g s ¨ , ¨ y , g .1 i jk k j i i i j k jk i
s g ? s ; D , D N ijk g A . . 5i 3
˜  .LEMMA 7. Let K s K t , t , . . . , t , t be a purely transcendental exten-1 1 m m
˜sion of a field K of degree 2m and the group Z acts on K o¨er K by2
Z 2˜t ? s s t . Then the fixed field K is generated o¨er K by the elementsl l
2h , . . . , h , s , s rs , . . . , s rs , where h s t q t , s s t y t .1 m 1 2 1 m 1 l l l l l l
Proof. Let K 9 be the subfield generated by these elements. It is evident
Z Z2 2˜ ˜ w xthat K 9 : K . Now let frg g K , where f , g g R s K t , t , . . . , t , t .1 1 m m
Z 2 .  .Then frg s 1r2 ? fg q fg r gg . Hence, it suffices to show that R : K 9.
 .Let f be a monomial in the free generators. By induction on deg f we
 .prove f q f g K 9. If deg f s 1, this is trivial. Otherwise, f s ab¨ , where
 4  .a, b g t , t N l s 1, . . . , m and ¨ is a monomial of degree deg f y 2l l
 .maybe, it is the unit . Also, notice that s s g K 9 for any i, j. Hence,i j
modulo K 9 we have
1 1f q f s a q a b¨ q b¨ q a y a b¨ y b¨ ' a y a b¨ y b¨ .  .  . .  .  . .2 2
1s a y a b y b ¨ q ¨ q b q b a y a ¨ y ¨ ' 0. .  .  .  .  .  . .4
The lemma is proved.
 X .  X .  .Z 2Now let us put K s F M . Then Lemma 7 holds for K M , so F M0 1
is generated over F by a set N which consists of M X and the elements0
a q a , b q b , g q g , D q D ,i i i i
2
a y a , b y b r a y a , g y g r a y a , .  .  . . .i i i i
D y D r a y a . .  .
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 .H  .S3Construct now a transcendence base of K s F M s F N . Denote3
 U .  U .  U .d s y y q y y q y y and d s ¨ , ¨ q ¨ , ¨ q ¨ , ¨ ,1 12 21 23 32 31 13 2 1 1 2 2 3 3
 .then d , d g F N . We need to change the set of generators N a bit. Let1 2
2
a q a a y a D q D D y D .  .
N s , , , ;0 2 5d d a y a dd  .1 2 21
 .moreover, let N consist of the elements i s 1, 2, 31
b y bi i
t s x , t s y , t s z , t s b q b , t s ,1 i i 2 i i 3 i i 4 i i i 5 i a y a
g q g g y g y yi i i i jk k j
t s , t s , t s ijk g A , . .6 i 7 i 8 i 3d a y a d d .2 2 1
¨ , ¨U .i i
t s .9 i d2
 .It is evident, that N9 s N j N lies in F N .0 1
 .LEMMA 8. The set N9 generates F N .
 .  .Proof. We need only show N : F N9 . It holds, if d , d g F N9 .1 2
3  .First, aard s t t t g F N9 and1 81 82 83
2 2
aa 1 a q a a y a .
s y g F N9 . .2 2 / /4 dd d11 1
2 .  .  .Therefore, d g F N9 . It also implies a y a g F N9 .1
12 2 2 2  . .  . Next, g g rd s t y t a y a g F N9 . In a similar way see thei i 2 6 i 7 i4
.proof of Lemma 7 one may check that
g g g 1 g g g 11 2 3 1 2 3q
d d d a d d d a2 2 2 2 2 2
3 . belongs to F N9 too. Now direct calculations shows DDrd s ydet ¨ ,2 i
U 3 2. .  .  .¨ N i, j s 1, 2, 3 rd g F N9 . Besides, DDrd also lies in F N9 . Thus,j 2 2
 .d g F N9 and the lemma is proved.2
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 .S3Note, that the set N : F N s K . Consider now the elements0 3
3
p s t , j s 1, . . . , 7;j ji
is1
3
q s t t q t t q t t , q s t t , j s 2, . . . , 9;1 11 12 12 13 13 11 j 1 i ji
is1
3
2r s t t t , r s t t , j s 2, . . . , 9.1 11 12 13 j 1 i ji
is1
 4THEOREM 1. The set T s N j p , . . . , p ; q , . . . , q ; r , . . . , r forms0 1 7 1 9 1 9
a rationality base for K o¨er F.3
 .  .S3  4S3Let F s F N , then K s F N9 s F t N j s 1, . . . , 9; i s 1, 2, 3 .1 0 3 1 i j
 .  .S3We have F s F p , q , r : F N . Besides, by the Vandermonde2 1 j j j
 .  . determinant argument we get F x , x , x s F N9 note that p makes2 1 2 3 j
.sense fo r j s 8, 9 and equals 1 . Further, x are the roots of the polyno-i
3 2 <  . <mial t y p t q q t y r . Hence, F N9 : F F 6. On the other hand,1 1 1 2
<  .  .S3 < < <  . < <F N9 : F N9 s S s 6, that yields K s F s F T . Since T s tr ?3 3 2
deg K s 29; the theorem is proved.F 3
Theorem 1 implies the following immediately.
THEOREM 2. Let F be a field of characteristic / 2, 3; let B be then
algebra generated o¨er F by n generic elements X , . . . , X of a split Albert1 n
 .algebra A s H O and let K be the quotient field of the center of B . Then3 n n
K is a rational function field o¨er F.n
For n ) 3 a rationality base for K over K may be obtained as followsn 3
w x  .8 . Let u , . . . , u be a basis for B ? K over K . Then the 27 n y 31 27 3 3 3
polynomials
tr X u , 1 F j F 27; 4 F i F n , .i j
form a rationality base for K over K . In particular, tr ? deg K s 27nn 3 F n
 w x.y 52 this equality is the main result of 9 .
w xRationality of K over F is proved in 9 ; in this case tr ? deg K s 102 F 2
and a rationality base is given by
tr X j ; i s 1, 2; j s 1, 2, 3; tr X X , tr X 2 X , tr X X 2 , tr X 2 X 2 . . 4 .  .  .  .i 1 2 1 2 1 2 1 2
 .  2 .  3.Finally, K is generated by tr X , tr X , tr X and is rational over F,1 1 1 1
w xtoo 6 .
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Apply now these results to the structure of the field of invariants of
 .Aut A .
THEOREM 3. Let A be a split Albert algebra o¨er an algebraically closed
 .  .Gfield F of characteristic 0 and G s Aut A . Then for any n the field F nA
of rational in¨ariants of G on n ¨ariables is a rational function field o¨er F.
 .G w xProof. If n G 3, then F nA s K by 4 . For n s 1 the same state-n
w xment follows from 6, p. 389 . Finally, for n s 2 it suffices to prove the
 w x.following result see 10, Section 2.1 .
w xLEMMA 9. There is a finite subset S of the subalgebra of F 2A , generated
by traces of elements of B , which separates orbits of general position in 2A,2
i.e., there is an open set U of the affine space 2A such that for any two points
 .  .X, X 9 g U with different G-orbits there exists h g S such that h X / h X 9 .
 . Proof. For any X s X , X g 2A let A be the subalgebra alg X ,1 2 X F 1
4X : A. We shall prove that for a point X of general position this2
 .q. w 2.xsubalgebra is isomorphic to M F . Actually, let R s F Y be the3
algebra of polynomials in Y 2. and let P be the algebraic closure of the
 2..  .q.field K s F Y . Then, like in Lemma 1 we have B P , M P : A2 3 P
s A P.m F
Choose a basis b , . . . , b g B of the vector space B P over P. Then1 9 2 2
 .the matrix units e , i, j s 1, 2, 3, are polynomials c b , . . . , b over P.i j i j 1 9
Let L be a finite subset of P which includes the coefficients of all c andi j
the structure constants of the algebra B P with respect to the basis2
 . w xb , . . . , b . Then K L is a finite extension K a of K, where a g P.1 9
 .Every l g L equals h a , where h is a polynomial over K. Denote by gl l
the common denominator of the coefficients of h , l g L, and thel
 r  44minimal polynomial for a . Put R s frg N f g R; r g N j 0 . Then a1
w xis integral over R and the R a -module generated by b , . . . , b is an1 1 1 9
w xR a -algebra, which contains the matrix units e . Hence, this algebra1 i j
q.w x  .equals B s B R a and includes an F-subalgebra C , M F .2 2 1 3
 .  .Suppose, g X / 0. Then the homomorphism p : B ª A, p X s X ,2 1 1
 .p X s X can be extended to a homomorphism p : B ª A. It is clear2 2 2
 .that the images of p and p coincide. Recall that the dimension of p B2
q.w x  .  .is not bigger than 9 6, p. 382 ; besides, it contains M F s p C .3
q. .  .Hence, A s p B , M F as claimed.X 2 3
w xRemark. As the referee noted, using results of 7 one can find a basis
 a aof B P over P in an explicit form 1, X , X , X , X , X = X ,2 1 1 2 2 1 2
a a a a.X = X , X = X , X = X , which provides another proof of this1 2 1 2 1 2
statement.
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 .  .q.Restriction of the Killing form tr xy on M F is nondegenerate. Let3
 .q.us take two points X 9, X 0 g 2A such that A , A , M F andX 9 X 0 3
 .  .  .  . w xf X 9 s f X 0 for any f X s f X , X g tr 2A . We will show that1 2
X X ? g s X Y, X X ? g s X Y for some g g G.1 1 2 2
 .q. w xFirst, we may assume that A s A s M F 6, p. 389, Ex.3 .X 9 X 0 3
 .   ..Later on, for any f g B if f X 9 s 0, then 0 s tr A f X 9 s2 X 9
  ..  .tr A f X 0 and, therefore, f X 0 s 0. Hence, we can define a mapX 0
 .q.  .q.   ..  .g : M F ª M F by g f X 9 s f X 0 for every f g B . It is3 3 2
 .q. X Yevidently an automorphism of M F that sends X to X , and it can3 i i
w xbe lifted up to an automorphism of A 6, p. 370, Theorem 3 . So, the lemma
w x  .Gis proved and by 10, Section 2.1 we get K s F 2A .2
COROLLARY. Let the ground field be algebraically closed of characteristic
0. Then the field of rational in¨ariants of a minimal irreducible representation
of a simple algebraic group of type F in se¨eral ¨ariables is a rational function4
field.
Proof. It is known that the subspace A of elements with zero trace in0
w xA is an irreducible G-module of minimal dimension 6, p. 382 . We have
 .G  .  .F nA : F nA . Let X , . . . , X be free generators of B 1 , where0 0 1 n n
 w x.  .a s 1 and a , . . . , a is a basis of A cf. 8 . Observe that tr y s 3 x .1 2 27 0 j 1 j
Let us set
27tr X .i
Z s X y 1 ? s a m x .i i i i j3 is2
 .GWe will obtain the set of algebraically independent generators of F nA
X   . 4 Xin the form T s T j tr X N i s 1, . . . , n , where elements from Tn n i n
depend only on Z , . . . , Z . Then T X is just a transcendence base of1 n n
 .GF nA .0
 .G  i.  . XThe generators of F A have the form tr X i s 1, 2, 3 . Hence, T1 1
 i .  .consists of tr Z i s 2, 3 . In case n s 2 the fixed field is generated by1
 j.  .  .  2 .  2 .  2 2 .tr X i s 1, 2, j s 1, 2, 3 and tr X X , tr X X , tr X X , tr X Xi 1 2 1 2 1 2 1 2
w x X9 . Again, replacing X by Z we get T .i i n
Let us consider the case n s 3. By Lemma 1 we can assume that
 . X XX s x, X s y, X s z. Note that T includes t X s p . Denote by q , r1 2 3 k k j j
 .  .j s 1, . . . , 9 the elements q , r , where t i, k s 1, 2, 3 is replaced byj j i k
1 X 4t y p . It is easy to check that the set T s p , p , p j T , wherei k k 3 1 2 3 33
X  4  X X 4T s p N j s 4, . . . , 7 j q , r N j s 1, . . . , 9 j N , generates K . Be-3 j j j 0 3
 . X X  .G  .Gsides, p j G 4 , q , r belong to F nA , therefore, N : F nA . So,j j j 0 0 0
it completes the proof for n s 3.
 .G  .GFinally, for n ) 3 the rationality base for F nA over F 3A may0 0
be obtained just as in the case of K ; one should note only that A can ben
w xgenerated by three elements with zero trace 11, p. 58, Ex.12 .
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